Abstract-Takeya's item relational structure theory is a well-known ordering algorithm. However, its threshold limit value is a fixed value, lacking of statistical meaning, In this paper, the authors provide an improved threshold limit value by using the empirical distribution critical value of all the values of the relational structure indices between any two items, it is more sensitive and effective than the traditional fixed threshold for comparing the ordering relation of any two items. A computer program is developed for the proposed method. A Mathematics example is also provided in this paper to illustrate the advantages of the proposed methods.
I. INTRODUCTION
All of the correlation, distance and similarity, are symmetrical relations, which can not be used to detect item ordering relationships or directed structures of a group of subjects. There are two well-known ordering item algorithms based on the testing performance of a group of subjects, one is Ordering theory (OT) proposed by Bart et al in 1973 [1] [2] , and the other is Item relational structure theory (IRS) proposed by Takeya in 1991 [3] [4] , the former is not like the later considering not only the partial ordering relation but also the correlation relation. However, the threshold limit values of both of them are fixed values, lacking of statistical meaning, one of the authors of this paper, H.-C. Liu, transferred the ordering index as a approximated t value to obtained a critical t value at significant level 0.05 [5] , but it is only used for nominal scale data, not for interval scale data. In this paper, the authors consider to improve the threshold limit value by using the empirical distribution critical value of all the values of the relational structure indices between any two items, it is more valid than the traditional threshold for comparing the ordering relation of any two items. A computer program is developed for the proposed method. A Mathematics example is also provided in this paper to illustrate the advantages of the proposed methods.
II. ORDERING THEORY ALGORITHM
In this section, Ordering Theory algorithm is described briefly as follows; Airasian & Bart, 1973; Bart & Krus, 1973) [1] [2] 
A. Definition of Ordering Theory Algorithm
denote a vector containing n binary item scores variables. Each individual taking n-item test produces a vector 1 2 ( , , , )
containing ones and zeros.
Then the joint and marginal probabilities of items j and k can be represented in Table 1 The joint probabilities of item j and k Item k
B. Examples of Ordering Theory Algorithm

Examlple 1:
Let the joint and marginal probabilities of item j and k of 122 subjects are listed as Table 2   Table 2 : The joint probabilities of item i and j
In Table 2 , from the Definition 1, we can obtain following two results; ( 0, 1) 0.48 0.03
( 0, 1) 0.02 0.03
Result (1) 
Examlple 2:
Let the joint and marginal probabilities of item j and k of 122 subjects are listed as Table 3 . 
, but the correlation value of ,
it means that j X and k X have high correlated linear relationship but no ordering relation, it also leads to a contradiction, in other words, Ordering Theory algorithm is indeed not a valid ordering algorithm.
III. ITEM RELATIONAL STRUCTURE THEORY ALGORITHM
For improving above-mentioned drawback, we need to consider both of ordering relation and linear correlation, since if and only if ( 0 ( , , , )
denote a vector containing n binary item scores variables. Each individual taking nitem test produces a vector 1 2 ( , , , )
containing ones and zeros. Then the joint and marginal probabilities of items j and k can be represented in Table  1 and 
B. Examples of Item Relational Structure Algorithm
Examlple 3: the data is the same as Examlple 1. In Table 2 , from Examlple 1. we know that 0
Both of (14) and (15) show that no contradiction be leaded.
Examlple 4: the data is the same as Examlple 2.
In Table 3 , from Examlple 2. we know that 0.798 
implies ,
there are no contradiction to be leaded.
From Example 3 and Example 4, we know that Takeya's IRS algorithm is a valid method to identify the ordering relation between any two items
IV. TRANSITION AND SUBSTITUTION RULES
In both Ordering Theory and Item Relational Structure Theory, the following important issue needs to be considered; whether the transition rule and the substitution rule are existent?
A. Whether the transition rule is existent?
In Correlation Theory, from the formula (18) and (19), we can obtain the Correlation coefficient between any two random variables;
Where ,
And then we can find that the transition rule is not existent, see also the Figure 1 , it shows that the random variable X and Y may be zero correlative even though random variable X and Z are highly correlative with following correlation coefficient value 2 0.7 4 2
XZ xy
Cos Cos
and random variable Z and Y are also highly correlative with following correlation coefficient value 2 0.7 4 2
ZY zy
Therefore, in both Ordering Theory and Item Relational Structure Theory, the transition rule is also not existent. In other words, the following formula (22) is not always true; Figure 1 the transition rule is not existent
B. Whether the substitution rule is existent?
In both Ordering Theory and Item Relational Structure Theory, the substitution rule is listed as below;
In Takeya's Item Relational Structure Theory, Obviously, if the transition rule is existent, then the substitution rule is also true, however, on the contrary, if the substitution rule is existent, then the substitution rule is not also true, in other words, it means that the substitution rule is stronger than transition rule. In this paper, in author's improved item relational structure theory, the substitution rule must be satisfied, since it is more reasonable for common sense V. IMPROVED ITEM RELATIONAL STRUCTURE THEORY ALGORITHM Since the threshold limit value of IRS is fixed at 0.5, it lacks of statistical meaning, in addition, this value is not big enough to satisfy the above-mentioned substitution rule, in this paper, an improved item relational structure theory algorithm based on empirical distribution critical value is proposed as below; The following three cases need to be considered;
, ,
(ii) 0.5 0.6 .6
Examlple 5:
Suppose the joint and marginal probabilities of item i and j of 122 subjects are listed as Table 4 and the joint and marginal probabilities of item j and k of 122 subjects are listed as Table 5 Where 0.6 .5 .6
, , , ,
Examlple 6
Suppose the joint and marginal probabilities of item j and k of 122 subjects are listed as Table 6 and the joint and marginal probabilities of item j and k of 122 subjects are listed as Table 7 where
Suppose the joint and marginal probabilities of item j and k of 122 subjects are listed as Table 8 and the joint and marginal probabilities of item j and k of 122 subjects are listed as Table 9 where 0.5 0.6 .5 .6 , , , 
We have 0.5 0.6 .6
From the above three examples, we know that the threshold limit value of IRS 0.6 is better than 0.5, in other words, Takeya's fixed threshold limit value of IRS is worster than 0.6, in addition, it lacks of statistical meaning. 
B. Improved Item Relational
VII. EXPERIMENTS AND RESULTS
For comparing the performances of Takeya's IRS algorithm, and our new method, a fraction addition test with 30 items was administrated to 122 5th grade students in Taiwan. For convenience, only the item ordering structures of 7 items of all students are shown in Table 7 . There are two well-known ordering item algorithms based on the testing performance of a group of subjects, one is Bart et al's OT algorithm, and the other is Takeya's IRS algorithm, the former do not consider the correlation relation as the later. However, the threshold limit values of both of them are fixed values, lacking of statistical meaning. In this paper, the authors consider to improve the threshold limit value by using the empirical distribution critical value of all the values of the relational structure indices between any two items, it is more valid than Takeya's threshold 0.5 for comparing the ordering relation of any two items. A computer program is developed for the proposed method. A Mathematics example is also provided in this paper to illustrate the advantages of the proposed methods 
